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1. Introduction 
Let Z[G] be the integral group ring of a group G. Let P be a finitely generated 
(right) ZIG]-module. It has a rank rp which can be viewed as a class function 
rp : G -+ Z defined in the following way: there exists a free Z [Cl-module W of finite 
rank such that P is a direct summand of W. Let [aii] be the matrix which represents 
the projection of W onto P with respect to some- basis. Then for g E G, 
r,(g) = tr, i aii 
i=l 
where the trace tr, is defined as: 
trg c .z,,h= c z,, 
heG h-g 
The Bass’ “ Strong Conjecture” ([l, p. 1561 or [2, 4.51) claims that r,(g) =0 
gf 1. Bass proved this conjecture when G is a torsion free group satisfying 
following conditions: 
for 
the 
(D) Suppose His a finitely generated subgroup of G, s E H, N is a positive integer 
and for all but finitely many primes p, s is conjugate in H to spN; then s has finite 
order. 
Moody [6] showed this conjecture for residually finite groups and Linnel [5] for 
groups without subgroups isomorphic to the additive group of all rational numbers. 
In this paper we describe a large class of groups satisfying the conjecture. 
2. Main results 
Theorem A. Let G be a group and let P be a finitely generated projective Z[G]- 
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module. If r,(g) f 0 for some g E G, then there exists a finitely generated subgroup H 
of G and a positive integer N such that g is conjugate in H to gPN for all primes p. 
Theorem A suggests the following weak version of condition (D): 
(WD) Suppose H is a finitely generated subgroup of G, s E H, Ns a positive in- 
teger and s is conjugate in H to sp” for all primes p; then s = 1. 
We remark that every D-group satisfies condition WD since every element s of 
finite order n is not conjugate to sPN for primes p dividing n. 
Corollary B. WD-groups satisfy Bass’ Strong Conjecture. 
Theorem C. Any of the following conditions implies that the group G satisfies con- 
dition WD: 
(i) G is a torsion group. 
(ii) G is a nilpotent-by-Noetherian group. 
(iii) (cf. Bass [l]) G is a linear group. 
(iv) (cf. Linnel [S]) The group G does not contain any subgroup isomorphic to 
the additive group of rational numbers. 
(v) Every finitely generated subgroup of G satisfies condition WD. 
(vi) G is a finite extension of some WD-groups. 
(vii) G is a subdirect product of maybe infinitely many WD-groups. 
(viii) G is a free product of maybe infinitely many WD-groups. 
Proof of Theorem A. Without loss of generality we may assume that the group G 
is finitely generated since the module P is finitely generated. Let g be an element 
of G such that r,(g)#O. By [l, Theorem 8.11 there is a finite set I7 of primes and 
there is a positive integer A4 such that if the prime p is not in Z7, then g is conjugate 
in G to gpM. Let p be a prime from 17. Then there exists a positive integer i 
such that r,(g) $p’. Z. Then the rank r,(g) #O, where S= P/pi. Z is a projective 
(Z/p’. B)[G]-module. By [3, Lemma 41 there exists an integer n such that g is con- 
jugate in G to gpn. Now it is sufficient to take as N the product of M and all n’s 
corresponding to primes from I7. 0 
Now we prove some lemmata and propositions which prepare us for the proof 
of Theorem C. 
Lemma 1. Let H be a normal subgroup of a group G. Let h be an element of H 
of infinite order. Assume we are given a set S of integers  such that h is conjugate 
to hS in G. Assume also that we are given for each s E S a conjugating element 
yseG. Let Y denote the subgroup of G generated by the set { ys)ses and let C 
denote the multiplicative semigroup generated by S. Then: 
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(i) The element h belongs to a subgroup A of H which is isomorphic to the 
additive group ZC’. 
(ii) For any y from Y there exist elements a and b in C such that yP’h“y= hb. 
Proof. (i) Form a list of all elements of C: cl, c2, . . . . By induction on n we can con- 
struct a sequence h,, h,, h2, . . . of elements of H, all of which are conjugate in G to 
h, such that h, = h and h: = h,_, . The subgroup A = (h,, hl, h,, . . . > is clearly iso- 
morphic to the additive group ZC]. 
(ii) We prove (ii) by induction on the length of the word y written in letters y,. 
(1) If y=ys, we set a=s and b=s2; if y=y;‘, we set a=s2 and b=s. 
(2) Let y = y,z or y = y;‘z where z is an element of Y of smaller length. By induc- 
tion there exist elements a and b in C such that z-‘haz= hb. Now y-‘hay= hbs or 
y-‘hasy=hb. 3 
Lemma 2. Let H be a normal subgroup of a group G. If the group H does not con- 
tain any subgroup isomorphic to the additive group of all rational numbers and the 
quotient group G/H satisfies condition WD, then the group G satisfies condition 
WD. 
Proof. Let h be an element of G such that h is conjugate to hP” for all primes p 
in some finitely generated subgroup. Since the group G/H satisfies condition WD, 
h belongs to H. By Lemma 1, h has finite order and hence h = 1. q 
Proposition 3. Noetherian groups satisfy condition WD. 
Proof. It follows directly from Lemma 1 since the additive group of all rational 
numbers is not finitely generated so it cannot be contained inside a Noetherian 
group. 0 
Lemma 4. Let H be a nilpotent group. Let g and h be elements of H such that 
hP’g’h =gj for some integers i and j. Then g (i-j’” = 1 where n is the nilpotency , 
class of H. 
Proof. If n = 1, then His an abelian group so g’=gJ hence g’+j= 1. Let n> 1. By 
induction elements g(‘-j)“- and (consequently) g’(‘-j)’ I are central. We obtain 
g 
i(ipJ)n ' =h-'g'('~j)"~'h=gj('~j)n ', 
so g 
(i-j)"= 1. q 
Proof of Theorem C. Parts (i) and (ii) follow from Lemma 2. Parts (v) and (vi) 
are obvious. 
(ii) Let H be a normal subgroup of a finitely generated group such that His nil- 
potent and the quotient group G/H is Noetherian. Suppose ge G, N is a positive 
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integer and y,, y,, . . . are elements of G such that y, ‘gyi = gp:“, where pl, p2, . . . is a 
sequence including all primes. Since the group G/H satisfies condition WD, g 
belongs to H. Let us consider the ascending chains 
01) C (Y,, P2) c *** c (P,,&, **. ,Pm> c ... 
of subgroups of G/H generated by the cosets of Yi’S. Since the group G/H is 
Noetherian, there exists an index m such that Jo belongs to the subgroup generated 
by_&,P2,..., J,_ , . Therefore there exists an element h E H such that y,h belongs 
to the subgroup generated by y,, y,, . . . , ym_ , . By Lemma 1 there exist integers a 
and 6, not divisible by pm such that 
b f adf, so by Lemma 4, g has finite order. Hence g = 1. 
(iii) Follows from [l, Theorem 9.61. 
(iv) Since the condition WD is stable under passing to subgroups, we can assume 
that G is a direct product of WD-groups G;. Let g = (gj)iEI and h, = (hP,i)iEl be 
elements of G such that for some positive integer N we have h;‘gh, = gp” for all 
primes p. Then h~fgjh,i=gPN for all iel. Therefore gj= 1 for ie Z. Hence g = 1. 
(viii) Let us first consider the case of two factors G *H. Let 0 : G *H -+ G x H be 
a homomorphism given by: Q(g) =g, for gc G and Q(h) = h, for h E H. By [4, 
Theorem 3 in the Appendix] ker @ is a free group. Since a free group does not con- 
tain any subgroup isomorphic to the additive group of all rational numbers and 
since the direct product G x H satisfies condition WD, the free product G *H 
satisfies condition WD by Lemma 2. By induction this results now holds for the free 
product of any finite number of groups. But any finitely generated subgroup of a 
free product I7,*G, is contained in a free product of finitely many of these factors. 
Hence I7TG; satisfies condition WD. 0 
References 
[l] H. Bass, Euler characteristic and characters of discrete groups, Invent. Math. 35 (1976) 155-196. 
[2] H. Bass, Traces and Euler characteristics, in: C.T.C. Wall, ed., Homological Group Theory, London 
Math. Sot. Lecture Note Series 36 (Cambridge University Press, Cambridge, 1979) l-26. 
[3] G.H. Cliff, Zero divisors and idempotents in group rings, Canad. .I. Math. 32 (1980) 596-602. 
[4] G. Higman, The units of group rings, Proc. London Math. Sot. (2) 46 (1940) 231-248. 
[5] P.A. Linell, Decomposition of augmentation ideals and relation modules, Proc. London Math. Sot. 
(3) 47 (1983) 83-127. 
[6] J. Moody, Proof of Bass’ “Strong Conjecture” for residually finite groups, preprint. 
